ALMOST WEAK POLYNOMIAL STABILITY OF 

OPERATORS 

DAVID KUNSZENTI-KOVACS 

Abstract. We investigate whether almost weak stability of an 
operator T on a Banach space X implies its almost weak polyno- 
mial stability. We show, using a modified version of the van der 
Corput Lemma that if X is a Hilbert space and T a contraction, 
then the implication holds. On the other hand, based on a TDS 
arising from a two dimensional ODE, we give an explicit example 
of a contraction on a Cq space that is almost weakly stable, but 
its appropriate polynomial powers fail to converge weakly to zero 
along a subsequence of density 1 . Finally we provide an application 
to convergence of polynomial multiple ergodic averages. 



1. Introduction 

Considering convergence along subsequences is very common in the 
ergodic theoretical setting (see e.g. Q and references therein). Polyno- 
mial subsequences are of special interest since they arise in a natural 
way through group extensions (cf. Furstenberg fl2l . Chapter 3]). In this 
paper we study the asymptotics of polynomial subsequences of orbits of 
contractions on Hilbert spaces, and its consequences for various ergodic 
theorems. We denote by CP C Z [X] the set of all polynomials mapping 
N + to No, and by To C Z [X] the set of all polynomials mapping No to 
No with p(0) = 0. Further T C C denotes the unit circle. 

We shall need the following notion to understand the convergence types 
used in this paper. 

Definition. The density of a monotone sequence {nk}keN+ C N + is 

\{k G N + |rifc < n}\ 
hm , 

whenever the above limit exists. 

With the help of the above definition, we can define the notion of almost 
weak stability (cf. weak mixing in Zsido (20|). 
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Definition. A sequence {i n }„, 6N + in a Banach space X is called almost 
weakly stable if there exists a sequence {nfc}fc gN + with density 1 such 
that 



Let T be a bounded operator on X . A vector x G X is then called almost 
weakly stable with respect to T if its orbit {T n x} n£¥i + is almost weakly 
stable. Finally the operator T itself is called almost weakly stable if 
every vector x G X is almost weakly stable with respect to T. 

We first take a look at splitting theorems on Hilbert spaces, and show 
that almost weak stability for contractions also implies almost weak 
stability of polynomial subsequences of orbits. 

The main result of this paper is the following theorem. 

Theorem 1.1. Let T be an almost weakly stable contraction on a Hil- 
bert space H. Then T is almost weakly polynomial stable, i.e., for any 
h G H and non-constant polynomial p G 7 the sequence {T p ^h}°fL 1 is 
almost weakly stable. 

This is not true for general contractions, as shown by an example. 
Thereafter we apply the obtained results to the setting of entangled 
and multiple polynomial ergodic averages. 

2. Almost weak polynomial stability on Hilbert spaces 

We start with the classical splitting theorem due to K. Jacobs (see fl3l |) 
characterising the orthogonal complement of the subspace of almost 
periodic vectors of a semigroup of contractions. 

Theorem 2.1. Let H be a Hilbert space and 5^ C ^{H) a semigroup 
of contractions , and let denote its closure in the weak operator 
topology. Then H can be decomposed into ' -invariant subspaces as 



H r = {x e H:VS e y3T e y such that TSx = x} 
and H s consists of the orbits for which is a weak accumulation point, 



These subspaces are usually also referred to as the reversible and stable 
subspaces of the dynamical system corresponding to the semigroup 5? . 
This theorem has later been generalised quite extensively, and stronger 
characterizations of both the reversible and the stable part have been 
obtained in the monothetic case, i.e. when is generated by a single 



weak lim x. 



0. 



H = H r @ H s , 
where H r is the space of 5^ -reversible elements, i.e. 
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operator. The following proposition is a special case of, e.g., Krengel 
(l5l . Section 2.2.4] or Eisner 0, Theorem II.4.8]. 

Proposition 2.2. Let T be a contraction on a Hilbert space H , and 
consider the semigroup {T n \n G N + }. Then the above spaces can be 
characterised as 

H s — \g G H lim T nj g = weakly for some sequence {n J }°^ =1 with density 1 
and 

H T = \hi{h G H\3X G T such that Th = Xh} . 

A second decomposition theorem was first proven by B. Szokefalvi-Nagy 
and C. Foias 
by S. Foguel 



and H. Langer [16] independently, and then extended 
Theorem 1.1]. 

Proposition 2.3. Let T be a contraction on a Hilbert space H . Then H 
has a unique orthogonal decomposition H = H u © Hq into T -invariant 
subspaces such that T acts as a unitary operator on H u , and its restric- 
tion to Hq is completely non-unitary. In addition, these two subspaces 
satisfy 

H u = [h G H I ||/i|| = \\T n h\\ = \\T* n h\\\/n G N+} 

and 

weak lim T n q = weak lim T* n q = 

for each g G H . 

Combining both results we obtain the following splitting theorem for 
Hilbert space contractions. 

Corollary 2.4. Let T be a contraction on a Hilbert space H. Then 
there is a unique orthogonal decomposition H = H r © H ns © Hq into 
three T -invariant subspaces such that 

• H t = En {h G H \3X G T such that Th = Xh}, 

• T\h us is unitary and each g G H us is almost weakly stable, 

• T\h is completely non-unitary, and T and T* are both weakly 
stable on H . 

Our aim is now to strengthen the characterization of the unitary almost 
weakly stable part by investigating weak convergence along polynomial 
sequences. To do so, we introduce the following notion. 

Definition 2.5. A sequence {x n \ c £L l C X is almost weakly polynomial 
stable if for any non- constant polynomial p G 7 there exists a sequence 
{ n j}fLi C N with density 1 such that 

weak lim x v i n .\ = 0. 
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Van der Corput type inequalities have been used in the context of 
weakly mixing dynamical systems as a key tool in inductive proofs. 
They are however also useful when wanting to pass from asymptotics 
along linear sequences to polynomial sequences. The following Lemma 
(cf. Haase, Eisner, Farkas and Nagel, |2lL Lemma 14.11]) is a stronger 
version of the one used by Bergelson |3|, Theorem 1.5], since the as- 
sumptions on the sequence {h n }^ =1 are weaker. 



Lemma 2.6 (van der Corput). Let {h n }^ =1 be a sequence in a Hilbert 
space H with \\h n \\ < 1. For j G N + let further 



lim sup 

JV->oo 



N 



n=l 



Then lim^^ ~ YJrl=\ 7n = implies lim^oo jr T,n=i h n = 



This lemma yields norm stability of Cesaro means, whilst the character- 
izations in Theorem 12.41 are related to weak convergence. We therefore 
present a new variant of the van der Corput lemma, using a stronger 
assumption to obtain almost weak stability. 

Before that we however need the following result linking Cesaro con- 
vergence to of a positive sequence in R to almost weak convergence 
to of the same sequence. 

Lemma 2.7 (Koopman— von Neumann). For a bounded sequence {y n } c £ =1 C 
[0, oo) the following assertions are equivalent. 

1 n 

(a) lim - ^y k = 0. 

n k=l 

(b) There exists a subsequence {nj}°^ 1 o/N with density 1 such that 
lim^oo y nj = 0. 

We refer to e.g. Petersen (l8l . p. 65] for the proof. 

Note that the following version of the van der Corput lemma is similar 
to the one used by Furstenberg ( (l2l Lemma 4.9]), but the condition 
on the sequence {hn}^^ is here again weaker. 

Lemma 2.8 (van der Corput for almost weak stability). Let {hn}^^ 
be a sequence in a Hilbert space H with \\h n \\ < 1 for all n G N + . For 
each j 6 N + let further 

1 N 

7,- := lim sup — ^ \ (h n , h n+j }\ . 

N^oo iV n=1 

Then limAr^oo ^ J2n=i In = implies that {hn}^^ is almost weakly 
stable. 
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Proof. Let (Xk)ken+ C T be arbitrary, and consider 



j3 n := Km sup 



N 



— ^2(^jhj, X j+n h j+n ) 



Then < f3 n < j n , hence lim^oo jj £n=i 7n = implies lim^oo jj J2n=i 
0. Applying Lemma [2.61 we hence obtain 



N 



i im 77 Z Xkhk = °- 



fc=l 



Let g £ H and choose 



fef if ^> ^ 0, 



otherwise. 



Then 



1 



A? 



( lim — Xuhi., 



fc=i 



i^^E \(h k ,g)\ 



k=l 



■9k 



N 



lim — Xkihh, 

k=l 



Since the are nonnegative, it follows from Lemma 12.71 that there 
exists a sequence (a n )neN+ C N + of density 1 (depending on g) such that 
g ak — > 0, and thus (h ak ,g) — > for each g G H. It remains to be shown 
that this sequence (a n ) ngN + of density 1 can be chosen independently 
of g. 

Let Hi := \m{h n , n G N + }. Note that for any g G H^~, all g^-s are 
zero, hence this subspace does not influence our choice of the sequence 
(a n ) ngN + . For Hi, by linearity and a density argument, it is enough to 
find a common sequence for the choices g = h^, k G N + . For these 
countably many elements, an appropriate diagonal argument yields us 
a common sequence (a n ) neN + of density 1, which then implies that 
(h an ) neN + is weakly stable, and so (/ifc)fcgN + is indeed almost weakly 
stable. 

□ 

Remark 2.9. Note that although the assumptions in Lemma \KR imply 
the ones in Lemma \2.b\ there is no direct implication between their 
conclusions, as norm convergence of Cesaro means and almost weak 
stability are two independent properties. 



We can now prove the following characterization of almost weakly 
stable operators on Hilbert spaces. The idea is to obtain results for 
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a given sequence by passing to the difference sequence and applying an 
induction argument, starting from the linear case. 

Proposition (Theorem II. ip . Let T be an almost weakly stable contrac- 
tion on a Hilbert space H . Then T is almost weakly polynomial stable, 
i.e., for any h G H and non-constant polynomial p G CP the sequence 
{T p ^h) ( *L l is almost weakly stable. 



Proof. By Theorem 12. 3[ H can be split into an orthogonal sum H u © H 
of T-invariant subspaces such that T\h u is unitary, whilst T\h is weakly 
stable. The latter part of T is then a fortiori almost weakly polynomial 
stable. Thus it remains to be shown that this also holds for the unitary 
part of T. Let therefore T be an almost weakly stable unitary operator, 
and take h G H . We shall proceed by induction on the degree of the 
polynomial p. 

If degp = 1, then p is of the form aX + b. The affine sequence (an + 
fr)neN+ in N + has positive density 1/a, and thus for any almost weakly 
stable operator T the sequence (T an+b h^ n ^ + is almost weakly stable. 
Suppose now that for each polynomial q G CP with 1 < degg < d the 
sequence (T q ^h) ngN+ is almost weakly stable. Take p G CP with degree 
d + 1. Since p G CP is non-constant, there exists no G N + such that 
p is strictly monotone increasing on [rio,oo). Consider the sequence 
(hk)k£N+ C H defined by 

h k := T p{no+k) h. 

Then (hj,h j+n ) = {T p{ - no+ ^h,T^ n ° + ^h) = {h,T p{ - n ° + ^- p{ - n ° + ^h) . 
Now the polynomial p n G CP defined by 

p n (X) := p(n + X + n)- p(n + X) 

has degree degp — 1 = d, hence the sequence {T Pn ^h^ ngN+ is almost 
weakly stable. But this is by Lemma [2. 71 equivalent to 

1 N , 

lim —V (g, T pM h) = for all g G H. 

Applying this to the case g = h and writing 7 n := lim sup jv-s.oo ~k Sjli I (hj, hj- 
we thus obtain 7„ = for all n G N + . By Lemma 12.81 the sequence 
[hk)k£N+ is then almost weakly stable. Since adding finitely many ele- 
ments to a sequence does not influence its almost weak stability, (T p ^h^ n ^ + 
is itself also almost weakly stable. 

□ 

Remark 2.10. By a diagonal argument, it can easily be seen that if H 
is separable and T is almost weakly polynomial stable, then there exists 
a sequence {nj}j €N + of density 1 such that lim^oo T p ^ n ^h = weakly 
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for every h G H, i.e. the polynomial powers of T themselves converge 
to zero in the weak operator topology along a sequence of density 1. 

In the following we give an example of an almost weakly stable con- 
traction on a Banach space that is not almost weakly polynomial 
stable. Thus Theorem 11.11 cannot be generalised to arbitrary Banach 
spaces. 

Example 2.11. This example is based on Example 4.3 in 

We shall first define a continuous flow tp on F and a single curve 7 in 
the interior of the unit disk D . 

Let 1 be a fixed point of the flow, and let the flow on T\{1} be given as 
the homoclinic orbit of —1 in the following way. 



<Pt( 



e~ l if t>0 
e^ 1 if t<0. 



On the curve in the interior of D , the flow is given by the parametriza- 
tion of the curve, i.e. y>t(7(s)) := j(s-\-t) for all s,t6R. Let the curve 
7(£) := r{t)e u ^ 1 be given by 



and 



u(t) :-- 



-2kir 

-(2k- 

-2kir 

-47T + 

-tir 



r(t) :-- 



2k 2 +2-t 
2k 2 -2k+2-t 



2t 



if 
if 



t > 1 
t < 1 



k 2 



7i 



t-2 



if 
if 
if 
if 
if 



2k 2 - k + 2 < t < 2k 2 + 1 
2k 2 < t < 2k 2 + k + 1 
2k 2 - 3k + 2 < t < 2k 2 - k + 2 

3 < t < 4 
t < 3 



where k denotes an arbitrary integer. Note that the curve is actually 
obtained as follows. Fort < 1, it spirals outwards from with constant 
angular speed. From t = 1 onwards, on its k-th round around 0, it 
follows radially the same angular speed as the homoclinic orbit T\{1} 
for angles outside of (—ir/k, ir/k) mod 2tt , and constant angular speed 
71 /k 2 for angles within that interval. Therefore the flow on S := T U 
{7(t)|t G R} is continuous. 

The flow can then be continuously extended to the whole o/d\{0} by 
piecewise linearization along rays starting at 0, and continuous exten- 
sion to C\D is also easily feasible. Thus the conditions of Example 4.3 
in |1/ are fulfilled, and we can apply the results obtained therein. 

The induced semigroup (T(t)) t >o on C(S) defined by 

(T(t)f)(x):=f(p t (x)), /GC(S),xGS 
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is then strongly continuous, isometric and weakly relatively compact. 
Let (T (*))t>o be its restriction to C (S\{1}) = {/ G C(S) |/(1) = 0}. 
Consider the discrete semigroup generated by T (l). Since T (l) has 
no unimodular eigenvalues, this semigroup is almost weakly stable by 
Theorem 1 1. 4.1 in J^]. But it can be checked that u(2n 2 — An + 3) = 
— (2n — l)n for positive integer values of n, hence lim^oo 7(2n 2 — 4n + 
3) = —1. This implies that 

Km (T (l) 2 " 2 - 4 " +3 /, 5 7( o)) = Jim /( 7 (2n 2 - An + 3)) = /(-l), 

and so the semigroup does not converge weakly to zero along the poly- 
nomial p(X) = 2X 2 — 4X + 3. Thus the operator T (l) is almost weakly, 
but not almost weakly polynomial stable. 



3. Polynomial multiple ergodic averages 



In this section we apply the previous results to the setting of polynomial 
multiple ergodic averages, much in the vein of Eisner, Kunszenti-Kovacs 

B- 

We first introduce what we mean by a non-commutative dynamical 
system and recall two convergence notions on von Neumann algeb- 
ras. 

Definition 3.1. A von Neumann (or non- commutative) dynamical sys- 
tem is a triple (21, tp, (3), where 21 is a von Neumann algebra, 99 : 21 — )■ 
C is a faithful normal trace, and /3 : 21 — > 21 is a (p -preserving *- 
automorphism. We say that a sequence (b n ) n< z N + in 21 converges strongly 
if it converges in the ip-norm \\b\\ v := ^/(p(b*b). It is said to be weakly 
convergent if 

(p(a b n ) 

converges as N — > 00 for every a G 21. 



Non-commutative dynamical systems and and their convergence prop- 
erties have received much attention and were studied amongst others 
by Niculescu, Stroh and Zsido 17 j, Duvenhage Q, Beyers, Duvenhage 
and Stroh Q, Fidaleo (Io|, and Austin, Eisner, Tao jl|. 

The last mentioned work, jl|, studied the question of convergence of 
the multiple ergodic averages 

1 N 

iV n=l 

depending on k G N + , showing that in contrast to the commutative 
case, one cannot expect convergence in general if k > 3 . On the other 
hand it is shown in Section 4 of j9| that for every von Neumann dynam- 
ical system there is a class % depending on the system such that the 
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multiple ergodic averages converge strongly whenever a%, . . . , G %. 
We wish to extend the latter result to multiple averages involving poly- 
nomial powers of the *-automorphism fi. 

More precisely, let r,k G N + with r < k, a : {1, . . . , k} — » {1, . . . ,r} 
be a surjective mapping and Pi,P2, ■ ■ ■ ,p r G IP. We shall be interested 
in the convergence of the expression 

1 * 

(1) E /3 Sl («i)/3 S2 (a 2 )---/3 Sfc K) 

ni ,...,n r =l 

where := J2d=i Pa(d) (n<a(d) ) f° r each 1 < Z < fc. Note that with the 
choice of r = 1 and pi(n) := n we obtain the above mentioned linear 
case studied in 

We recall that by the Gel'fand-Neumark-Segal theory, 21 can be identi- 
fied with a dense subspace of a Hilbert space, where the Hilbert space 
can be obtained as the completion of 21 with respect to the <£>-norm. 
Thus, identifying elements of 21 with elements in H and by the standard 
density argument, strong convergence of the multiple ergodic averages 
(PQ) corresponds to norm convergence in H and weak convergence of ([Q) 
corresponds to weak convergence in H. 

Recall further that for the automorphism f3 there exists a unitary oper- 
ator u G £(H) such that /3(a) = uau' 1 , see e.g. (HI, Prop. 4.5.3]. Note 
that u does not necessarily belong to 21, and in this context the class % 
mentioned above can be chosen as the subspace of all elements a G 21 
such that {au n : n G N } is relatively compact in £{H) for the strong 
operator topology. 



Thus, averages ([T]) take the form 
1 N 

(2) — ^ (1)(na(1)) ai« PQ(2)(nQ(2)) a2---^( fe ) (n "W ) a fc n~ Sfc . 

ni,...,n r =l 

It is well-known that strong (weak) topology and strong (weak) oper- 
ator topology on 21 coincide. Therefore, there is a direct correspondence 
between strong (weak) convergence of the polynomial multiple ergodic 
averages ([1]) and strong (weak) operator convergence of the polynomial 
entangled ergodic averages (j2J). 

Proposition 3.2. Let (21, ip, 0) be a von Neumann dynamical system 
and H and u as above. Let further a±, . . . , G 21. Then the multiple 
ergodic averages (T7]j converge strongly (weakly) if and only if the en- 
tangled averages (TJjj converge in the strong (weak) operator topology. 

We now show that under certain compactness asssumptions, the aver- 
ages ([2]) converge in the strong operator topology. This is a generaliza- 
tion of the results in Eisner, K-K Q 
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Proposition 3.3. Let H be a Hilbert space, U G £(H) a unitary oper- 
ator, pi, . . . ,p r G CP and a : {1, . . . , k} — > {1, . . . , r} a surjective map- 
ping. Let further Ai, . . . , A k G £(H) be such that {A k U~ n : n G N + } 
and {AjU n : n G N + } are relatively compact in &{H) for the strong op- 
erator topology for every 1 < j ' < k — 1 . Then the polynomial entangled 
ergodic averages 
(3) 

1 N k 

TJP a {i){n a{1) ) ATJP a (2){n a{2) ) a . . . JJP a (k){n a (k)) JJ~ J2j=l P<*{j)( n a (j)) 

n\ ,...,n r =l 

converge in the strong operator topology. 



Proof. The proof is based on induction, and is in essence a polynomial 
version of that of Theorem 3 in j^j, and for detailed arguments we 
refer to the proof given there. The polynomial versions of the required 
lemmas have been proven for the Hilbert space case in Section [2J The 
only significant difference is that an extra step is needed here to set up 
the induction, as the last power in the averages considered is a sum of 
polynomials rather than a single polynomial. 

Since U is unitary, it induces a Jacobs-deLeeuw-Glicksberg decompos- 
ition of H into the orthogonal sum H s © H r , cf. Proposition 12.21 By 
linearity it is enough to show that the averages applied to any x G H s 
and x G H T converge. 

Let us first assume that x G H s . We wish to show that 

1 N k 

TJP a {i){n a{1) ) A Tjp a ( 2 ){n a (2)) A . . .nP a (k)(n a (k))A TJ-J2j=iPo'U)( n aU)) x 

J\Jr Z-^ V A K 

ri\ ,...,n r =l 

converges to in norm. To this end note that by assumption, L : = 
{A k U~ n x : n G N + } is relatively norm-compact. Denote its closure by 
K. We shall need that the dual space of the smallest ^/-invariant sub- 
space Y containing K is separable. Indeed, as Y is a Hilbert space, this 
is equivalent to Y itself being separable, which follows from the countab- 
ility of the generating set L. Therefore one may by Remark 12. 101 find a 
sequence (tj) JgN+ of density 1 such that lim^oo A k U~\{ a ^\' pi ^y = 
for any y G Y. By compactness this convergence is actually uniform 
on K. Since f/P-(i)( n -d)) A 1 U Pa i 2 ^ n ^ ) A 2 ■ ■ ■ U p ^ k ') { - n ^ ) is uniformly bounded 

and A] e U~^<i= lPaU)( ' naU) ' ) x can be rewritten as 

y ni := A k U~\ a ~ 1{1) \- pi(ni) (u-^Ul^WW^x) , 

the norm convergence of the means follows from Lemma 12.71 

Let now x G H T . By uniform boundedness of the operator products 
involved, one may by the standard density argument assume that x is 
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an eigenvector to some unimodular eigenvalue A G T. Then 



1 N h 

ATr ^-~> I Z ft 



N' 

ni,...,n r =l 

1 N k 

= TJP a (i){n aW )ATfP a (2){n a (2))jl . TTP a (k){n a (k)) A , A~X^=lP«Ci)( n <*0))<T; 

Air I Z ft 

ni,...,n r =l 

1 N 

= _L j2 (xu) Pa(1){nail)) a, (xu) Pa(2){na{2)) a 2 ■ ■ ■ (juy^^ ( AkX ) . 

ni,...,n r =l 

This is now a form where each power is a single polynomial, and the 
induction arguments from the proof of Theorem 3 in [9| can be applied 
to show convergence. □ 

We can thus conclude the following for polynomial dynamical systems. 

Corollary 3.4. Let (21, ip, 0) be a von Neumann dynamical system, 
with unitary representation u-u" 1 of on the GNS-space H pertaining 
to ip. Let further r, k G N + with r < k, a : {1, . . . , k} — > {1, . . . , r} be 
a surjective mapping, p 1 ,p 2 ,...,p r G ? and let s t := J2d=i P a (d)(n a{ d)) 
for each 1 < I < k. Assume now that ai,...,a k G 21 are such that 
{akU~ n : n G N + } and {ajU n : n G N + } are relatively compact in £>(H) 
for the strong operator topology for every 1 < j < k — 1. Then the 
polynomial multiple averages 

1 N 



N r 

ni ,...,n r =l 



converge strongly. 
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